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Abstract
In this paper, recent results of strong Skolem starters for Zn,
where n ≡ 1 or 3 (mod 8) and n ≥ 11, are presented. Also, different
families of strong Skolem starters for Zpn and Zpq , for infinitely many
odd primes p, q ≡ 1 (mod 8) and n is an integer greater than 1, are
given.
Keywords. Strong starters, Skolem starters, quadratic residues, cy-
clotomic classes, group of units.
1 Introduction
The following definition a notation is obtained from [29] and [37].
Let G be a finite additive abelian group of odd order n = 2k +
1, and let G∗ = G \ {0} be the set of non-zero elements of G.
A starter for G is a set S = {{xi, yi}, i = 1, . . . , k} such that
{{xi} ∪ {yi} : i = 1 . . . , k} = G
∗ and {±(xi − yi)}
k
i=1 = G
∗. Moreover,
if all elements of {xi + yi : i = 1, . . . , k} ⊆ G
∗ are different, then S is called
strong starter for G. To see some works related to strong starters, the
reader may consult [1, 11, 12, 16, 17, 21, 24, 27, 28].
∗adrian.vazquez@unaq.edu.mx
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It’s well known that strong starters were first introduced by Mullin
and Stanton in [35] in constructing Room squares. And there are more
applications in constructing other combinatorial designs, like: Room cubes
[15], Howell designs [5], Kirkman triple systems [24, 30], Kirkman squares
and cubes [31, 36]; and applications to the problem of one-factorization of
complete graphs and problems related to it [2, 3, 4, 16, 22, 25, 32, 33].
Let n = 2k + 1 and 1 < 2 < · · · < 2k be the order of Z∗n. A starter for
Zn is Skolem, if it can be written as S = {{xi, yi} : i = 1, . . . , k} such that
yi > xi and yi − xi = i (mod n), for i = 1, . . . , k. In [34], Skolem starter
for Zn exits if and only if n ≡ 1, 3 (mod 8) was proved. A starter which is
both Skolem and strong is called strong Skolem starter.
In 1991, Shalaby conjectured in [34] the following:
Conjecture 1.1. [34] If n ≡ 1, 3 (mod 8) and n ≥ 11, then Zn admits a
strong Skolem starter.
In [34], all strong starters admissible orders between 11 and 57 was
given. In [29], was proved that, if n = Πki=1p
αi
i , where pi is a prime such that
ord(2)pi ≡ 2 (mod 4) and αi is a non-negative integer, for all i = 1, . . . , k,
then Zn admits a strong Skolem starter. In [37], different families of strong
Skolem starters for Zp, where p ≡ 3 (mod 8) is an odd prime, was given.
These new strong Skolem starters are different than given in [29]. Recently,
different families of strong Skolem starters for Zpn , where p ≡ 3 (mod 8)
and n is an integer greater than 1, was given in [39]. Also, in these same
paper, new families of strong Skolem starters for Zp, for infinitely many
odd primes p ≡ 1 (mod 8), was given. These new strong Skolem starters
are different than given in [29]. Finally, different families of strong Skolem
starters of Zpq, where p, q ≡ 3 (mod 8) are odd prime numbers, was given
in [38]. These strong Skolem starters are different than given in [29].
In this paper, different families of strong Skolem starters for Zpn and
Zpq, for infinitely many odd primes p, q ≡ 1 (mod 8) and n is an integer
greater than 1, is given. These strong Skolem starters are different than
given in [29].
This paper is organized as follows: In Section 2, we present the strong
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Skolem starters given in [29], and we give other families using a simple
observation of such construction given there. In Section 3, we present the
strong Skolem starters for Zp, where p ≡ 3 (mod 8) is an odd prime number
p ≥ 11, given in [37], and the strong Skolem starters for Zp, for infinitely
many odd primes p ≡ 1 (mod 8), given in [39]. In section 4, we recall some
properties about the multiplicative group of integers modulo pn, where p is
an odd prime and n is an integer greater than 1, and we present the strong
Skolem starters for Zp, where p ≡ 3 (mod 8) is an odd prime number
p ≥ 11, given in [39]. In this same section, we given new families of strong
Skolem starters for Zpn , for infinitely many odd primes p ≡ 1 (mod 8)
and n is an integer greater than 1. Finally, in Section 5, we recall some
properties about the multiplicative group of integers modulo pq, and we
present the strong Skolem starters given in [38]. In this same section, we
give an infinity new families of strong Skolem starters for Zpq, for infinitely
many odd primes p, q ≡ 1 (mod 8), than given in [29].
2 Families of strong Skolem starters for Zn
In this section, we give other different families than given in [29] using a
simple observation of such construction given there.
The following definitions and notations are obtained from [29]. Let Gn
be the group of units of the ring Zn. It is denoted by 〈x〉n the cyclic sub-
group of Gn generated by x ∈ Gn. It is denoted by ord(x)n the order of the
element x ∈ Gn; hence, ord(x)n = |〈x〉n|. Whenever the group operation is
irrelevant, it will consider Gn and its cyclic multiplicative subgroups 〈x〉n
in the set-theoretical sense and denote them by Gn and 〈x〉n, respectively.
Let C2 = {p prime : ord(2)n ≡ 2(mod 4)} and P2 = {p ∈ C2 : p ≡
1(mod 8)}.
In [29], the following was proved:
Lemma 2.1. [29] A prime p ∈ C2 if and only if either p ∈ P2 or p ≡ 3
(mod 8).
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According with [29], the class C2 \ P2 is infinite by Dirichlet’s theorem
on primes in arithmetic progressions. The class
P2 = {281, 617, 1033, 1049, 1097, 1193, 1481, 1553, 1753, 1777, . . .},
is also infinite; the infinitude of primes congruent to 9 (mod 16) such that
ord(2)p ≡ 2 (mod 4), see [7].
A nonempty subset X of a ring R is multiplicatively closed, if whenever
u, v ∈ X , it satisfies uv ∈ X . The multiplicative closure of a set Y ⊂
R, denoted by Y , is the smallest multiplicatively closed set containing Y .
Consider C2, the multiplicative closure of C2. Hence, if C2, then n is a
product of (not necessarily distinct) primes from C2.
Let S = {{xi, yi}(mod n)}
k
i=1, where k ∈ N. The following set
∆S = {±(yi − xi)(mod n)}
k
i=1
is generated by S, see [29].
Corollary 2.2. [29] Let µ = ordn(2), where n ∈ C2. Then A =
{{22i, 22i+1}}
µ
2
i=1 is a partition of the set 〈2〉n. Consequently, ∆A = 〈2〉n.
Since 2−1 ∈ 〈2〉n, then 〈2〉n = 〈2
−1〉n. If A
−1 = {{2−2i, 2−2i−1}}
µ
2
i=1,
then trivially ∆A−1 = 〈2−1〉n = 〈2〉n = ∆A. Hence, we have the following:
Corollary 2.3. Let µ = ordn(2) = ord(2
−1)n, where n ∈ C2. Then
A−1 = {{2−2i, 2−2i−1}}
µ
2
i=1 is a partition of the set 〈2
−1〉n. Consequently,
∆A−1 = 〈2−1〉n = 〈2〉n.
Let n ∈ N \ {1} and i ∈ Z∗n. The pair {i, 2i(mod n)} is called cardioidal
pair in Z∗n. A partition A of a set X ⊂ Z
∗
n into cardioidal pairs is called a
cardioidal partition of X in Z∗n. See [29].
Lemma 2.4. [29] The set Gn, with n ∈ C2, admits a cardioidal partition
A in Z∗n such that ∆A = Gn.
Corollary 2.5. [29] For any prime n ∈ C2, there exists a strong Skolem
starter of order n induced by a cardioidal partition in Z∗n.
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Let n ∈ N \ {1} and i ∈ Z∗n. We call the pair {i, 2
−1i(mod n)} a half
cardioidal pair in Z∗n. A partition A
−1 of a set X ⊂ Z∗n into half cardioidal
pairs is called a half cardioidal partition of X in Z∗n.
Hence, trivially we have:
Corollary 2.6. The set Gn, with n ∈ C2, admits a half cardioidal partition
A−1 in Z∗n such that ∆A
−1 = Gn.
Corollary 2.7. For any prime n ∈ C2, there exists a strong Skolem starter
of order n induced by a half cardioidal partition in Z∗n.
Example 1. If n = 19, then r = 2 is a primitive root of G19 = Z
∗
19. Hence,
G19 admits a strong Skolem starter:
A = {1, 2}, {4, 8}, {16, 13}, {7, 14}, {9, 18}, {17, 15}, {11, 3}, {6, 12}, {5, 10}.
A−1 = {1, 10}, {5, 12}, {6, 3}, {11, 15}, {17, 18}, {9, 14}, {7, 13}, {16, 8}, {4, 2}.
Example 2. Let n = 43. Since 2 is not a primitive root of G43 = Z
∗
43,
then the strong Skolem starter is induced by the pairs from 〈2〉43 and from
the two of its cosets: Z∗43 = 〈2〉43 ∪ 3〈2〉43 ∪ 13〈2〉43:
The pairs from
〈2〉43 : {1, 2}, {4, 8}, {16, 32}, {21, 42}, {41, 39}, {35, 27}, {11, 22}.
3〈2〉43 : {3, 6}, {12, 24}, {5, 10}, {20, 40}, {37, 31}, {19, 38}, {33, 23}.
13〈2〉43 : {13, 26}, {9, 18}, {36, 29}, {15, 30}, {17, 34}, {25, 7}, {14, 28}.
On the other hand, Z∗43 = 〈2
−1〉43 ∪ 3〈2
−1〉43 ∪ 13〈2
−1〉43, we have:
〈2−1〉43 : {1, 22}, {11, 27}, {35, 39}, {41, 42}, {21, 32}, {16, 8}, {4, 2}.
3〈2−1〉43 : {3, 23}, {33, 38}, {19, 31}, {37, 40}, {20, 10}, {5, 24}, {12, 6}.
13〈2−1〉43 : {13, 28}, {14, 7}, {25, 34}, {17, 30}, {15, 29}, {36, 18}, {9, 26}.
Theorem 2.8. [29] If n ∈ C \ {3}, then Zn admits a strong Skolem starter
induced by a cardioidal partition in Z∗n.
Hence, we have:
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Corollary 2.9. If n ∈ C \ {3}, then Zn admits a strong Skolem starter
induced by a half cardioidal partition in Z∗n.
3 Families of strong Skolem starters for Zp
The following is obtained from [37] and [39]: Let p be an odd prime power.
An element x ∈ Z∗p is called a quadratic residue if there exists an element
y ∈ Z∗p such that y
2 = x. If there is no such y, then x is called a non-
quadratic residue. The set of quadratic residues of Z∗p is denoted by QR(p)
and the set of non-quadratic residues is denoted by NQR(p). It is well
known that QR(p) is a cyclic subgroup of Z∗p of cardinality
p−1
2 (see for
example [18]). As well as, it is well known, if either x, y ∈ QR(q) or
x, y ∈ NQR(q), then xy ∈ QR(q), and if x ∈ QR(q) and y ∈ NQR(q),
then xy ∈ NQR(q). For more details of this kind of results the reader may
consult [8, 18].
In [1, 27], the following was proved:
Lemma 3.1. [1, 27] Let p ≡ 3 (mod 4) be an odd prime number, with
p 6= 3. If β ∈ NQR(p) \ {−1}, then the following set
Sβ = {{x, βx} : x ∈ QR(p)} ,
is a strong starter for Zp.
In [37], the following was proved:
Theorem 3.2. [37] Let p ≡ 3 (mod 8) be an odd prime number, with p 6= 3.
If β ∈ {2, 2−1}, then the strong starter
Sβ = {{x, βx} : x ∈ QR(p)} ,
is a strong Skolem starter for Zp.
Let p = 2kt + 1 be an odd prime with k > 1 a positive integer and
t an odd integer greater than 1, and let r be a generator of Z∗p. It is
denoted by Cp0 = 〈r
∆〉p, where ∆ = 2
k, the multiplicative subgroup of Z∗p
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generated by r∆ of order t. Let Cpj = r
jC
p
0 , for j = 0, . . . ,∆ − 1. Then
C
p
0 , . . . , C
p
∆−1 is a partition of Z
∗
p. In this case, the C
p
i are known as a
cyclotomic classes of order ∆ of Z∗p. According with [6], the following set
Tβ = {{x, βx} : x ∈ B}, where B =
⋃2k−1−1
j=0 C
p
j , is a strong starter for Zp,
for every β ∈ Cp
2k−1
\ {−1}.
In [39], the following was proved:
Theorem 3.3. [39] Let p = 2kt+ 1 be an odd prime with k ≥ 3 a positive
integer, t an odd integer greater than 1, and B =
⋃2k−1−1
j=0 C
p
j as above. If
2 ∈ Cq
2k−1
then the following set T2 = {{x, 2x} : x ∈ B} is a strong Skolem
starter for Zp.
Corollary 3.4. [39] Let p = 2kt+1 be an odd prime with k ≥ 3 a positive
integer, t an odd integer greater than 1, and B =
⋃2k−1−1
j=0 C
p
j as above. If
2 ∈ Cp
2k−1
then the following set T2−1 =
{
{x, 2−1x} : x ∈ B
}
is a strong
Skolem starter for Zp.
4 Families of strong skolem starters for Zpn
The following is obtained from [39].
Recalling that Gn is the group of units of the ring Zn. It is well known
that Gn is a cyclic group, if and only if, n is 1, 2, 4, p
k or 2pk, where p is an
odd prime and k is an integer greater than 1. Moreover, it is well known
that |Gpk | = p
k − pk−1. For more details of this kind of results the reader
may consult [9].
Let p be an odd prime power. It is well known that, if r ∈ Z∗p is a
primitive root, then r is a primitive root of Gpn , for all n integer greater
than 1, unless rp−1 ≡ 1 (mod p2). In that case, r+ p is a primitive root of
Gpn , see for example [9].
Let p be an odd prime and n an integer greater than 1. We have
piGpn−i = {x ∈ Z
∗
pn : gcd(x, p
n) = pi}, for every i = 0, . . . , n − 1. Since
every element x ∈ Z∗pn lies in one and only one of these sets, the collection{
piGpn−i
}n−1
i=0
forms a partition of Z∗pn into n subsets.
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In [39], the following was proved:
Theorem 4.1. [39] Let p ≡ 3 (mod 8) be an odd prime, n be an integer
greater than 1, and let r ∈ Zp be a primitive root of Zp such that r
p−1 6≡ 1
(mod p2). If piSpn−i =
{
{pix, 2pix} : x ∈ 〈r2〉pn−i
}
, for i = 0, . . . , n − 1,
then S =
⋃n−1
i=0 p
iSpn−i is a strong Skolem starter for Zpn .
Corollary 4.2. [39] Let p ≡ 3 (mod 8) be an odd prime, n be an integer
greater than 1, and let r ∈ Zp be a primitive root of Zp such that r
p−1 6≡ 1
(mod p2). If piSpn−i =
{
{pix, 2−1pix} : x ∈ 〈r2〉pn−i
}
, for i = 0, . . . , n− 1,
then S =
⋃n−1
i=0 p
iSpn−i is a strong Skolem starter for Zpn .
We extend Theorem 4.1 for infinite odd primes of the form p ≡ 1 (mod
8).
Theorem 4.3. Let p = 2kt + 1 be an odd prime with k ≥ 3 a positive
integer, with t an odd integer greater than 1. If 2 ∈ Cp
2k−1
and n is an
integer greater than 1, then the set T =
⋃n−1
i=0 p
iTpn−i , where
piTpn−i =
{
{pix, 2pix} : x ∈ rj〈r2
k
〉pi , j = 0, . . . , 2
k−1 − 1
}
,
is a strong Skolem starter for Zpn .
Proof. The proof of this theorem is analogous to the proof of Theorem
4.1 given in [39]. Let r ∈ Z∗p be a primitive root of Zpn such that r
p−1 6≡ 1
(mod p2). Hence, 〈r2
k
〉pi is a cyclic subgroup of Gpi of order
|G
pi
|
2k
, for
all i = 1, . . . , n. It is easy to see that, if 2 ∈ Cp
2k−1
then 2 ∈ r2
k−1
〈r2
k
〉pi
and if −1 ∈ Cp
2k−1
then −1 ∈ r2
k−1
〈r2
k
〉pi , for all i = 2, . . . , n. Since{
piGpn−i
}n−1
i=0
forms a partition of Z∗pn , let
piTpn−i =
{
{pix, 2pix} : x ∈ rj〈r2
k
〉pi , j = 0, . . . , 2
k−1 − 1
}
,
for i = 0, . . . , n− 1. It is easy to see that
{±pix : x ∈ rj〈r2
k
〉pi , j = 0, . . . , 2
k−1 − 1} = piGpn−i ,
for all i = 0, . . . , n− 1. Hence, the set T =
⋃n−1
i=0 p
iTpn−i is a starter.
On the other hand, since x+ y 6= 0, for all different x, y ∈ rj〈r2
k
〉pn−i ,
for j = 0, . . . , 2k−1 − 1 and i = 0, . . . , n− 1, then
|{3pix : x ∈ rj〈r2
k
〉pn−i}
2k−1−1
j=0 | =
|Gpn−i |
2
.
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Moreover
|
n⋃
i=1
{3pix : x ∈ rj〈r2
k
〉pn−i}
2k−1−1
j=0 | =
|Zpn |
2
,
since 3(pix−pjy) 6= 0 (mod pn), where x ∈ rj〈r2
k
〉pn−i and y ∈ r
e〈2k〉pn−j ,
for every i, j ∈ {0, . . . , n − 1} and j, e ∈ {0, . . . , 2k−1 − 1}. Hence, the set
T is strong.
Finally, let’s prove that T is Skolem. The proof is analogous to the proof
Theorem 4.1 given in [37]. Let suppose that pn = 2t+1 and 1 < 2 < · · · < 2t
be the order of the non-zero elements of Z∗pn . Let Q 12 = {1, 2, . . . , t}. To
prove that T is Skolem, it’s sufficient to prove that, if 2pix > pix then
pix ∈ Q 1
2
, and if pix > 2xpi then −pix ∈ Q 1
2
, for all x ∈ rj〈r2
k
〉pi with
i = 0, . . . , n−1 and j = 0, . . . , 2k−1−1. If pix ∈ Q 1
2
, for some x ∈ rj〈r2
k
〉pi
and i ∈ {0, . . . , n − 1}, then 2pix > pix, which implies that 2pix − pix =
pix ∈ Q 1
2
. On the other hand, if pix 6∈ Q 1
2
, for some x ∈ rj〈r2
k
〉pi and
i ∈ {0, . . . , n−1}, then −pix ∈ Q 1
2
. Hence, 2(−pix) > −pix, which implies
that −2pix+ pix = −pix ∈ Q 1
2
. Therefore, the set T is Skolem.
Corollary 4.4. Let p = 2kt + 1 be an odd prime with k ≥ 3 a positive
integer, with t an odd integer greater than 1. If 2 ∈ Cp
2k−1
and n is an
integer greater than 1, then the set Tˆ =
⋃n−1
i=0 p
iTˆpn−i , where
piTˆpn−i =
{
{pix, 2−1pix} : x ∈ rj〈r2
k
〉pi , j = 0, . . . , 2
k−1 − 1
}
,
is a strong Skolem starter for Zpn .
Proof. The proof is analogous of Theorem 4.3.
5 Families of strong Skolem starters for Zpq
The following definitions and notations are obtained from [38]:
Let p and q be odd prime numbers such that p < q and (p− 1) 6 |(q− 1).
We have Gpq = {x ∈ Z
∗
pq : gcd(x, pq) = 1}, with |Gpq| = (p− 1)(q − 1), see
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for example [9]. Hence, pZ∗q , qZ
∗
p and Gpq forms a partition of Z
∗
pq, since
every element x ∈ Z∗pq lies in one and only one of these sets. It’s not hard
to see that, if r ∈ Z∗p is a primitive root, then |〈r〉pq | = lcm(p− 1, q − 1) =
(p−1)(q−1)
2 , since (p− 1) 6 |(q − 1).
In [38], the following was proved:
Lemma 5.1. [38] If p, q ≡ 3 (mod 8) are odd prime numbers with p < q,
and r ∈ Z∗p is such that r ∈ NQR(p) and r ∈ NQR(q), then r
(p−1)(q−1)
4 =
−1 (mod pq). Moreover, if r is a primitive root of Z∗p and Z
∗
q , then −1 ∈
r〈r2〉pq.
We extend the Lemma 5.1 for some infinite odd primes of the form
p ≡ 1 (mod 8).
Lemma 5.2. Let t1 and t2 be two odd integers greater than 1 such that
t1 < t2, and let k ≥ 3 be a integer. If p = 2
kt1 + 1 and q = 2
kt2 + 1 are
prime numbers and r ∈ Z∗p is such that r ∈ NQR(p) and r ∈ NQR(q),
then r
(p−1)(q−1)
2k+1 ≡ −1 (mod pq). Moreover, if r is a primitive root of Z∗p
and Z∗q , then −1 ∈ r
2k−1 〈r2
k
〉pq.
Proof. The following proof is analogous to the proof of Lemma 5.1 given
in [38]: Recalling that Gm is the group of units of Zm. It is well known
that the map Ψ : Gpq → Gp × Gq, defined by Ψ(kpq) = (kp, kq), is an
isomorphism between Gpq and Gp ×Gq, see for example [10]. Since p and
q are prime numbers, then Gp = Z
∗
p and Gq = Z
∗
q . Let r ∈ Z
∗
p such that
r ∈ NQR(p) and r ∈ NQR(q). Hence, we have r
p−1
2 = −1 (mod p) and
r
q−1
2 = −1 (mod q). Then
Ψ(r
(p−1)(q−1)
2k+1
pq ) = (r
(p−1)(q−1)
2k+1
p , r
(p−1)(q−1)
2k+1
q ) = (r
p−1
2 ·
q−1
2k
p , r
q−1
2 ·
p−1
2k
q ),
= (−1p,−1q) = Ψ(−1pq)
since p−1
2k
and q−1
2k
are odd integers. Hence, if r is a primitive root of Z∗p
and Z∗q , then −1p ∈ r
2k−1 〈r2
k
〉p and −1q ∈ r
2k−1 〈rk〉q, which implies that
r2
k−1
〈rk〉pq.
Lemma 5.3. [38] Let p, q ≡ 3 (mod 8) be odd prime numbers such that
p < q. If r ∈ Z∗p is a primitive root of Z
∗
p and Z
∗
q, then 2 6∈ 〈r
2〉pq.
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We extend the Lemma 5.3 for some infinite odd primes of the form
p ≡ 1 (mod 8).
Lemma 5.4. Let t1 and t2 be two odd integers greater than 1 such that
t1 < t2, and let k ≥ 3 be a integer. If p = 2
kt1 + 1 and q = 2
kt2 + 1
are prime numbers and r ∈ Z∗p is a primitive root of Z
∗
p and Z
∗
q such that
2 ∈ r2
k−1
〈r2
k
〉p and 2 ∈ r
2k−1〈r2
k
〉q, then 2 ∈ r
2k−1〈r2
k
〉pq.
Proof. The following proof is analogous to the proof of Lemma 5.3 given
in [38]: Let Ψ : Gpq → Gp × Gq given by Ψ(kpq) = (kp, kq), the isomor-
phism between Gpq and Gp × Gq, and let r ∈ Z
∗
p be a primitive root of
Z
∗
p and Z
∗
q such that 2 ∈ r
2k−1 〈r2
k
〉p and 2 ∈ r
2k−1 〈r2
k
〉q. Assume that
2 6∈ r2
k−1
〈r2
k
〉pq. Hence, 2 ∈ r
j〈r2
k
〉pq , for some j ∈ {0, . . . , 2
k−1 − 1},
which implies that r2
ks+j = 2 (mod pq), for some s ∈ {0, . . . , |〈r2
k
〉pq|−1}.
Therefore
Ψ(2) = Ψ(r2
ks+j
pq ) = (r
2ks+j
p , r
2ks+j
q ) 6= (2, 2),
which is a contradiction. Hence 2 ∈ r2
k−1
〈r2
k
〉pq.
In [38], the following was proved.
Theorem 5.5. [38] Let p, q ≡ 3 (mod 8) be odd prime numbers such that
p < q and (p − 1) 6 |(q − 1). And let r ∈ Z∗p be a primitive root of Z
∗
p
and Z∗q. If pSq = {{px, 2px} : x ∈ QR(q)}, qSp = {{qx, 2qx} : x ∈ QR(p)}
and Spq =
{
{x, 2x} : x ∈ 〈r2〉pq
}
∪
{
{λx, 2λx} : x ∈ 〈r2〉pq
}
, where λ 6∈
〈r2〉pq ∪2〈r
2〉pq, then set S = pSq ∪ qSp ∪Spq is a strong Skolem starter for
Zpq.
Corollary 5.6. [38] Let p, q ≡ 3 (mod 8) be odd prime numbers such that
p < q and (p−1) 6 |(q−1). And let r ∈ Z∗p be a primitive root of Z
∗
p and Z
∗
q . If
pSq =
{
{px, 2−1px} : x ∈ QR(q)
}
, qSp =
{
{qx, 2−1qx} : x ∈ QR(p)
}
and
Spq =
{
{x, 2−1x} : x ∈ 〈r2〉pq
}
∪
{
{λx, 2−1λx} : x ∈ 〈r2〉pq
}
, where λ 6∈
〈r2〉pq ∪2〈r
2〉pq, then set S = pSq ∪ qSp ∪Spq is a strong Skolem starter for
Zpq.
We extend the Theorem 5.5 and Corollary 5.6 for some infinite odd
primes of the form p ≡ 1 (mod 8).
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Theorem 5.7. Let t1 and t2 be two odd integers greater than 1 such that
t1 < t2, and let k ≥ 3 be a integer. Suppose that p = 2
kt1 + 1 and
q = 2kt2 + 1 are prime numbers such that p < q and (p − 1) 6 |(q − 1),
and r ∈ Z∗p be a primitive root of Z
∗
p and Z
∗
q . If 2 ∈ r
2k−1 〈r2
k
〉p and
2 ∈ r2
k−1
〈r2
k
〉q, and
pTq =
{
{px, 2px} : x ∈ rj〈r2
k
〉q, j = 0, . . . , 2
k−1 − 1
}
qTp =
{
{px, 2px} : x ∈ rj〈r2
k
〉p, j = 0, . . . , 2
k−1 − 1
}
Tpq =
{
{x, 2x} : x ∈ rj〈r2
k
〉pq , j = 0, . . . , 2
k−1 − 1
}
∪
{
{λx, 2λx} : x ∈ rj〈r2
k
〉pq, j = 0, . . . , 2
k−1 − 1
}
where λ ∈ r2
k−1
〈r2
k
〉pq \ {2}, then set T = pTq ∪ qTp ∪ Tpq is a strong
Skolem starter for Zpq.
Proof. Let r ∈ Z∗p be primitive roots of Z
∗
p and Z
∗
q . We know that pZ
∗
q ,
qZ∗p and Gpq forms a partition of Z
∗
pq. Let qTp, pTq and Tpq as above. By
Lemma 5.2, it is easy to see that
{±px : x ∈ rj〈r2
k
〉q, j = 0, . . . , 2
k−1 − 1} = pZ∗q
{±qx : x ∈ rj〈r2
k
〉p, j = 0, . . . , 2
k−1 − 1} = qZ∗p
{±x : x ∈ rj〈r2
k
〉pq, j = 0, . . . , 2
k−1 − 1} ∪
{±λx : x ∈ rj〈r2
k
〉pq, j = 0, . . . , 2
k−1 − 1} = Gpq
Hence, the set T = pTq ∪ qTp ∪ Tpq is a starter.
On the other hand, define
pT+q = {3px : x ∈ r
j〈r2
k
〉q, j = 0, . . . , 2
k−1 − 1}
qT+p = {3qx : x ∈ r
j〈r2
k
〉p, j = 0, . . . , 2
k−1 − 1}
T+pq = {3x : x ∈ r
j〈r2
k
〉pq, j = 0, . . . , 2
k−1 − 1}
∪ {3λx : x ∈ rj〈r2
k
〉pq , j = 0, . . . , 2
k−1 − 1}
Since l1x+ l2y 6= 0, for all different x, y ∈ r
j〈r2
k
〉p∪r
j〈r2
k
〉q∪r
j〈r2
k
〉pq, for
all j = 0, . . . , 2k−1 − 1 and l1, l2 ∈ {1, p, q, λ}, with λ ∈ r
2k−1 〈r2
k
〉pq \ {2},
then |qT+p | =
|Z∗p|
2 , |pT
+
q | =
|Z∗q |
2 and |T
+
pq| = |
Gpq
2 |. By Lemma 5.2, we have
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|qS+p ∪pS
+
q ∪Spq
+| = |qS+p |+|pS
+
q |+|S
+
pq| =
p−1
2 +
q−1
2 +
(p−1)(q−1)
2 =
pq−1
2 .
Hence, the set S is strong.
Finally, we give an analogous proof of case (i) of Theorem 5.5 given in
[38] to prove T is Skolem. Let pq = 2t + 1 and 1 < 2 < · · · < 2t be the
order of the non-zero elements of Z∗pq. Let Q 12 = {1, 2, . . . , t}. To prove
that T is Skolem, it’s sufficient to prove that, if 2lx > lx then lx ∈ Q 1
2
,
and if lx > 2lx then −lx ∈ Q 1
2
, where l ∈ {1, p, q, λ}. Suppose lx ∈ Q 1
2
,
for l ∈ {1, p, q, λ}, then 2lx > lx, which implies that 2lx − lx = lx ∈ Q 1
2
.
On the other hand, if lx 6∈ Q 1
2
, for l ∈ {1, p, q, λ}, then −lx ∈ Q 1
2
. Hence,
2(−lx) > −lx, which implies that −2lx+ lx = −lx ∈ Q 1
2
. Therefore, the
set S is Skolem.
Corollary 5.8. Let t1 and t2 be two odd integers greater than 1 such that
t1 < t2, and let k ≥ 3 be a integer. Suppose that p = 2
kt1 + 1 and q =
2kt2+1 are prime numbers such that p < q and (p−1) 6 |(q−1), and r ∈ Z
∗
p
be a primitive root Z∗p and Z
∗
q . If 2 ∈ r
2k−1 〈r2
k
〉p and 2 ∈ r
2k−1 〈r2
k
〉q, and
pTq =
{
{px, 2−1px} : x ∈ rj〈r2
k
〉q, j = 0, . . . , 2
k−1 − 1
}
qTp =
{
{px, 2−1px} : x ∈ rj〈r2
k
〉p, j = 0, . . . , 2
k−1 − 1
}
Tpq =
{
{x, 2−1x} : x ∈ rj〈r2
k
〉pq, j = 0, . . . , 2
k−1 − 1
}
∪
{
{λx, 2−1λx} : x ∈ rj〈r2
k
〉pq, j = 0, . . . , 2
k−1 − 1
}
where λ ∈ r2
k−1
〈r2
k
〉pq \ {2}, then set T = pTq ∪ qTp ∪ Tpq is a strong
Skolem starter for Zpq.
Proof. The proof is analogous of Theorem 5.7.
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